We derived analytical formulas to estimate the effective thermal resistance of a metallic cylinder subjected to Joule heating, surrounded by an insulator and bounded by two constant temperature planes in order to estimate the temperature of the hottest point of the system. These solutions are especially relevant for modeling unipolar resistive switches (or memristive devices), and they provide insight into the performance tradeoffs for a thermally driven reset transition. In particular, our results indicate that a minimum current of 1 µA is required to successfully reset a unipolar switch, even under the most favorable conditions.
Introduction
Resistance switching (or memristance [5, 23] ) in metal oxide thin-film devices was first observed nearly 50 years ago [9] . Since then, this effect has been reported in a wide range of material systems, including organic films, various transition metal oxides, solid state electrolytes and chalcogenides, which have been extensively reviewed [7, 15, 17, 26] . In many cases, the switching mechanism is not fully understood; however, there is often convincing experimental evidence of Joule heating during the switching process. For example, the internal temperature during the reset operation of various unipolar devices has been estimated by the increase in resistance of the high conductance (metallic) state to be over 1000 K in the case of NiO films [18] . Significantly less heating was observed during switching of bipolar TiO 2−x [2] and SrTiO 3 [11] devices, which may be due to a lower activation energy for the drift of mobile dopants (vacancies or ions) [24, 25] that cause the resistance changes. (Note that elevated temperatures during switching are related to state retention and switching speed characteristics of the device since they provide significant nonlinearity of the ionic drift with applied voltage [25, 28] .) Another well-studied class of memristive systems, the phase-change materials, is based on chalcogenide films in which heating by several hundred degrees is required to induce a transition between crystalline and amorphous phases [27] .
Heating in memristive devices will inevitably lead to certain performance tradeoffs. For example, the most straightforward application of resistance switching devices is in crossbar digital memories [8, 10, 13, 16, 21] . For such structures, the temperature increase is caused by Joule heating. This imposes limitations on circuit design and feature size scaling, because of large current densities and thermal crosstalk. Therefore, it is important to study the intrinsic thermal properties of the device structure, which to date has only been done in the context of phase-change memory cells [4, 19] . In those works, a specific cell structure of phase-change memory was analyzed using numerical simulations. In this paper, we present a more general approach to the problem. We derive analytical formulas for the thermal conductance for a range of device geometries given linear thermal and electron transport model, and discuss the performance (current and power) scaling utilizing appropriate materials properties. For example, one can use the formulas to estimate conducting channel dimensions given particular I-V characteristics for unipolar and certain bipolar memristive devices. Likewise, the results can be directly applied to cells in crossbar digital memories and other circuits based on resistive switching devices [14, [20] [21] [22] . Fig. 1 Schematic cross-section of thin-film device geometries considered in the paper. Here, panel a shows the simplest geometry with a cylinder of radius R and surrounded by an insulator and bounded by constant temperature metallic electrodes. k M and k I are the thermal conductivities of the metal rod and insulator, respectively. In panel a the length of the cylinder L is equal to the thickness of the film H , while panel b shows the case when L < H . The latter is an approximation to the case where the channel is thinner in the middle of the film, so that the thicker part close to the electrodes is replaced with insulator
Model
We first consider self-heating in a metallic cylindrical rod surrounded by an insulator and confined by constant temperature planes with geometry and notations presented in Fig. 1a . For the stationary problem, the solution for the temperature distribution in the thin film can be found by solving the Poisson equation
for the metallic cylinder and the sourceless Laplace equation for insulator
using Dirichlet boundary conditions
Here k M (k I ) is the thermal conductance of the metallic cylinder (insulating material), assumed to be isotropic, while q is the heat source density generated in the cylindrical metallic rod, which is assumed to be uniform, i.e. q = I V /(LπR 2 ). The Joule heat generated inside the metallic cylinder escapes both radially into the insulator and axially toward the metallic electrodes that are assumed to be large enough to act as thermal sinks. Note that significant heating of electrodes has been observed in some experiments [3] ; however, it is rather an artifact of a particular device structure/experiment and should be avoided for practical reasons. For example, electrode heating would exponentially increase diffusion and electromigration of electrode material and therefore degrade endurance. A general analytical solution for (1)- (3) does not exist. Instead we consider the two limiting cases; first, when heat transfer is mostly via the insulator, i.e. through the sidewalls of the metallic cylinder, and second, when all the heat is transferred through the metallic rod and into the electrodes.
In the first case, the heat transfer along the cylinder is neglected. By slicing the cylinder into thin disks of thickness dz, the temperature can be found as the sum of the heating due to each disk. Treating each disk located at point z along the symmetry axis as a point heat source, the temperature at any point A with coordinates r A ≥ R, |z A | ≤ H/2 is given by the solution of (2), i.e.
T z (r
The boundary condition, i.e. (3), imposed by constant temperature planes is satisfied using the 'image charge' method. A significant simplification occurs for a thin cylinder with R L, so that after integration the temperature at the hottest spot on the surface of the cylinder, i.e. at z A = 0 and
(See details on the derivation of this formula in Appendix.) In (5) the temperature is given for the more general case shown in Fig. 1b , in which it is assumed that all the heat is dissipated uniformly in a cylinder that is somewhat shorter than the thickness of the device. This geometry is an approximation for a nonuniform radius metallic filament, e.g. thicker close to the electrodes and thinner in the middle, and provides an upper bound for the expected temperature. More specifically, in this case we assume that the gaps between the cylinder and the electrodes have zero electrical resistance, so that all the applied voltage drops across the cylinder of length L while the thermal conductance of the gap is the same as that of the insulator. The upper bound for the temperature increases as the gap between the metallic cylinder and the electrodes gets larger, while for L = H (5) gives a temperature estimate of the geometry shown in Fig. 1a . Given the temperature at the surface of the rod T (R, 0), the temperature at the center can be approximated by neglecting the boundary conditions and assuming an infinite cylinder, so that (1) is solved for cylindrical coordinates, i.e.
We now consider the second case of the relatively thick metallic cylinder with R L. The solution is obtained by solving the one-dimensional version of (1) along the z direction, resulting in the temperature for the hottest point Figure 2a shows the effective thermal resistance ρ = (T − T 0 )/(I V ) for the hot spot calculated as the parallel 
with
as a function of α = R/H (assuming L = H ) from (6) and (7), for certain practical values of the thickness H and the metal and insulator thermal conductances. The analytical results compare very well with the exact solution obtained via numerical calculations using finite element analysis [6] . Figure 2b shows the total thermal resistance for the special case when L ≤ H for several values of L, which shows that effective thermal resistance is crudely proportional to H/L ratio.
Analysis of the model and implications on scaling
Equations (8), (9) and Fig. 2 can be used to estimate the radius of the conducting channel in a memristive device given Joule heating information deduced from the experimentally measured resistance increase [2, 18] and/or information about the mobile species and reset transition dynamics (i.e. the activation energy for mobile ions and the reset switching time) [25] . This analysis also provides insight into the reset and voltage scaling in unipolar switching devices. For example, if we assume that the electrical current through a cylindrical rod is described by Ohm's law
Combining this equation with (8) and (9) yields the current (and hence voltage) as a function of the radius of the channel for a given thickness L and temperature increase T of the metallic cylinder,
where the approximation is valid for the most interesting case of R L. Figure 3 shows the results of applying (11) to understand reset switching of unipolar memristive devices for several values of L = H (Fig. 1a) and for L = 3 nm (Fig. 1b) . To account for the increase to the bulk electrical resistivity ρ bulk due to diffusive surface scattering, i.e. when electron mean free path λ is smaller or comparable with radius R, the following approximation based on Matthiessen rule [12] was used
Each curve for a specific device thickness represents a range of valid cylinder radii, starting with R = 0.3 nm (always corresponding to the smallest reset current) and the maximum value of R = 0.3L chosen specifically to satisfy considered approximation. One straightforward conclusion from Fig. 3 is that for constant voltage, e.g. a crossbar memory with a pre-determined power supply, there may be no configuration that would allow for heating to a sufficient temperature that enables the reset operation; i.e. the required reset current may be too large. For example, the smallest value for reset current for considered parameters, even assuming overly optimistic atomic-wide radius of the metallic channel, is around 10 µm. Note that the much larger effective thermal resistance for the hottest spot for the case when L H results in smaller required power. However, the reset current is about the same as for cases L = H since voltage and current are related by the Ohms law. Also note that though bulk thermal resistivity is used in the calculations it should not affect the most interesting case when R L. Thus, for realistic parameters, the reset current needs to be at least in the microampere range, which stresses the driving circuitry and leads to large power consumption in the memory.
Discussion and summary
We have derived useful analytical equations that allow us to rapidly analyze a wide range of nanoelectronic device configurations in which Joule heating and temperature effects are important. The results agree well with essentially exact numerical simulations, but are accomplished in a small fraction of the time using modest computational resources. We have applied these equations to analyze reset switching for a general class of unipolar memristive devices, and found that the reset current for such devices needs to be at least in the microampere range, which means that the operating power for memories based on such cells will be high. Alternatively, the results show that for nonvolatile memristive device with switching currents below ∼1 µA nonlinearity in memory phenomena could not be due to Joule heating but rather other phenomena, e.g. exponential ionic drift in electric field.
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Appendix
To satisfy the condition for constant temperature on the surface of the top electrode, i.e. T (r, H/2) = T 0 for a slice of a cylinder positioned at z = 0 (considered to be a point source), an image sink (heat absorber) is placed at the point z = H . This artificial image sink now requires putting another source at z = −2H to satisfy the boundary condition for the bottom electrode, i.e. T (r, −H/2) = T 0 . The procedure of installing image heat sources and sinks is carried on indefinitely. Integrating the heat contribution of the entire cylinder with corresponding image sources and sinks yields the temperature where the first and the second infinite sums reflects boundary conditions on the surface of the top and the bottom electrodes, respectively. Since (A.1) is only valid for r ≥ R, it is clear that the highest temperature will be at the point z = 0 and r = R. Assuming the thin cylinder case, R L, (A.1) for the hottest point can be simplified to 
≈ −3L/(2H ) (A.3)
for 0 ≤ H/L ≤ 1, where ψ and ln G are digamma and logarithmic gamma function, respectively [1] .
